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Abstract
We point out that dark-energy perturbations may become unstable in the presence of
a gravitational wave of sufficiently large amplitude. We study this effect for the cubic
Horndeski operator (braiding), proportional to αB. The scalar that describes dark-energy
fluctuations features ghost and/or gradient instabilities for gravitational-wave amplitudes
that are produced by typical binary systems. Taking into account the populations of binary
systems, we conclude that the instability is triggered in the whole Universe for |αB| & 10−2,
i.e. when the modification of gravity is sizeable. The instability is triggered by massive
black-hole binaries down to frequencies corresponding to 1010 km: the instability is thus
robust, unless new physics enters on even longer wavelengths. The fate of the instability
depends on the UV completion, but the theory around the final state will be qualitatively
different from the original one. The same kind of instability is present in beyond-Horndeski
theories for |αH| & 10−20. In conclusion, the only viable dark-energy theories with sizeable
cosmological effects are k-essence models, with a possible conformal coupling with matter.
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1 Introduction
In modified gravity, gravitational waves (GWs) can decay into scalar field fluctuations [1, 2], inducing
an observational signature in ground- and space-based interferometers such as LIGO-Virgo [3] and
LISA [4]. This only happens in models where Lorentz invariance is broken spontaneously, such as
for instance in scalar-tensor gravity with a homogeneous cosmological scalar field, motivated by the
accelerated expansion of the Universe. For the effect to be sizeable, one needs a cubic coupling γpipi
(γ denotes the GW and pi a scalar field fluctuation) suppressed by a sufficiently low energy scale. For
instance, this coupling is present in theories beyond Horndeski [5, 6]. The scale Λ? that suppresses
the higher-dimension operators is of order Λ3 ≡ (H20MPl)1/3, in the regime where one gets sizeable
effects for the formation of structures in the Universe.
In [1] we studied the decay induced by this interaction perturbatively, i.e. when individual gravitons
decay independently of each other, and we showed that the absence of perturbative decay implies
that Λ? & 103Λ3, setting a tight bound on the parameter space of these models. In particular, in
the Effective Field Theory of Dark Energy (EFT of DE) [7, 8, 9, 10, 11] formalism and focussing
on theories with GWs that propagate luminally, beyond-Horndeski theories are characterised by a
single operator: 12m˜
2
4(t)δg
00
(
(3)R+ δKνµδK
µ
ν − δK2
)
. (Details on the quantities appearing in this
formula will be given below, in Secs. 2 and 6.) The absence of decay sets a bound on this operator:
|m˜24| . 10−10M2Pl. Equivalently, in terms of the dimensionless parameter introduced in [12], this
translates in the bound |αH| . 10−10.1 This rules out the possibility of observing the effects of these
theories in the large-scale structure.
1More specifically, this constraint applies only for GLPV theories. For more general theories beyond Horndeski, such
as the Degenerate-Higher-Order-Scalar-Tensor (DHOST) theories [13, 14], the constraint becomes αH + 2β1 . 10−10
[1], where β1 characterizes higher-order operators in the EFT of DE parameterization [15]. The consequences of this
constraint on the Vainshtein mechanism in these theories has been studied in [16, 17].
2
In [2] we extended this study to consider coherent effects due to the large occupation number of
the GW, acting as a classical background for pi. In this case, a better description of the system is that
of parametric resonance: pi fluctuations are described by a Mathieu equation and are exponentially
produced by parametric instability. We focused on the regime of narrow resonance, obtained when the
GW induces a small perturbation on the pi equation.2 This regime can be used to probe only very small
values of αH. In particular, within the validity of our approximations the resonant decay takes place in
the range 10−20 . |αH| . 10−17 for frequencies of interest for LIGO-Virgo and 10−16 . |αH| . 10−10
for LISA.
Another operator containing the cubic coupling γpipi is m33(t)δg
00δK [7, 9]. In the covariant lan-
guage, it corresponds to the cubic Horndeski Lagrangian (sometimes called kinetic gravity braiding
[18, 19]). In this case, the scale Λ that suppresses this cubic interaction is typically much higher than
Λ3, i.e. Λ ∼ Λ2 ≡ (H0MPl)1/2 and the perturbative decay is negligible [1]. Moreover, non-linearities in
the dark energy field become sizeable much before the effect of narrow resonance is relevant, possibly
quenching the coherent instability [2]. Therefore, the study of the perturbative and resonant decay
for this operator remains inconclusive.
In this article we study the effect of a classical GW on pi in the regime where the amplitude of the
wave is large, i.e. far from the narrow resonance, focussing on the stability of pi perturbations. We
initially concentrate on the operator m33, introducing the action and setting up the notation in Sec. 2.
(Deviations from this case are studied in App. A.) Inspired by the analysis of Ref. [20] reviewed in
Sec. 3.1, in the rest of Sec. 3 we compute the non-linear classical solution of pi generated by the GW
and we study the stability of pi fluctuations, outlining the differences with the analysis of [20]. We
consider two different regimes: subluminal and luminal speed of pi fluctuations, respectively examined
in Secs. 3.2 and 3.3. Both cases display instabilities and qualitatively agree.
Without the knowledge of the UV completion of the theory, we cannot describe the evolution of
the system and its endpoint. We discuss this issue in Sec. 4 with an example that displays similar
instabilities and whose UV completion is known. Anyway, the theory must change qualitatively in the
regions where the instability develops. In Sec. 5 we study whether the populations of binary systems
and their production of GWs is enough to trigger the instability in the whole Universe. Stellar and
massive black holes (BHs) are able to globally induce the instability in the regime where one has a
sizeable effect on structure formation (|αB| & 10−2). The instability is triggered by GWs as long as
1010 km, so that our conclusions are robust unless the theory is modified on even longer scales. In
Sec. 6, we discuss the application of our study to the operator m˜24 as well, and we derive strong bounds
of order |αH| . 10−20. Finally, we discuss our conclusions and future prospects in Sec. 7.
2 The action
We consider the following action in unitary gauge,
S =
∫
d4x
√−g
[
M2Pl
2
(4)R− λ(t)− c(t)g00 + m
4
2(t)
2
(δg00)2 − m
3
3(t)
2
δg00δK − m˜
3
3(t)
8
(δg00)2δK
]
,
(2.1)
and focus in particular on the cubic Galileon, i.e. m˜33 = −m33 [10]. Generalizations of this case are
discussed in App. A. We took a constant MPl with a proper choice of frame and we will discuss the
general case in the conclusions. Here we assumed the flat FRW metric, ds2 = −dt2 + a2(t)dx2, so
that δg00 ≡ 1 + g00 is the perturbation of g00 around the background solution. We also defined the
2The calculation in the narrow resonance regime reduces to the perturbative one when the occupation number is
small enough [2].
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perturbation of the extrinsic curvature of the equal-time hypersurfaces as δKµν ≡ Kµν −Hδµν , where
H ≡ a˙/a is the Hubble rate, and its trace as δK. As discussed below, the operator proportional to m42
affects the quadratic action for pi, contributing to the overall normalization of the action and to the
speed of sound. It also introduces self-interactions but in the cosmological setting these are suppressed
by Λ2  Λ3 and can be dropped for this discussion, because they are irrelevant for the stability. For
the same reason, we can ignore higher powers of δg00.
We restore the pi dependence in a generic gauge with the Stueckelberg trick [8, 11] t→ t+ pi(t,x).
We focus on terms relevant for our calculations, i.e. [21]
g00 → g00 + 2g0µ∂µpi + gµν∂µpi∂νpi , (2.2)
δK → δK − hij∂i∂jpi + 2
a2
∂ipi∂ip˙i + . . . . (2.3)
We follow [1, 2] and work in Newtonian gauge, where the line element reads
ds2 = −(1 + 2Φ)dt2 + a2(t)(1− 2Ψ)(eγ)ijdxidxj , (2.4)
with γ transverse, ∂iγij = 0, and traceless, γii = 0. Variation of the action with respect to Φ and Ψ
gives, focussing on the sub-Hubble limit by keeping only the leading terms in spatial derivatives, [1, 2]
Φ = Ψ = − m
3
3
2M2Pl
pi . (2.5)
These relations can be used to replace Φ and Ψ in terms of pi in the action.
As in [2], we define the dimensionless quantity [22, 23]
α ≡ 4M
2
Pl(c+ 2m
4
2) + 3m
6
3
2M4PlH
2
, (2.6)
and we canonically normalise scalar and tensor perturbations as
pic ≡
√
αMPlHpi , γ
c
ij ≡
MPl√
2
γij . (2.7)
In the following we will use canonically normalized fields but we will drop the symbol of canonical
normalizations. Neglecting the expansion, the action for pi reads Spi =
∫
d4xL , where the pi Lagrangian
is
L =
1
2
[
p˙i2 − c2s(∂ipi)2
]− 1
Λ3B
pi(∂pi)2 + 1
Λ2
γ˙ij∂ipi∂jpi +
m33
2
√
αM3PlH
piγ˙2ij . (2.8)
Here we used the definitions
c2s ≡
4M2Plc−m33(m33 − 2M2PlH)
4M2Pl(c+ 2m
4
2) + 3m
6
3
=
2
α
(
c
M2PlH
2
− αB − α2B
)
, (2.9)
Λ2 ≡ 4M
2
Pl(c+ 2m
4
2) + 3m
6
3√
2m33MPl
= − α√
2αB
H
H0
Λ22 , (2.10)
Λ3B ≡ −
[3m63 + 4M
2
Pl(c+ 2m
4
2)]
3/2
√
2m33M
3
Pl
=
α3/2
αB
(
H
H0
)2
Λ33 . (2.11)
On the right-hand side of these relations, we have given the analogous definitions in terms of Λ2 ≡
(H0MPl)
1/2, Λ3 ≡ (H20MPl)1/3 and the dimensionless quantity αB, here defined as
αB ≡ − m
3
3
2M2PlH
. (2.12)
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The detailed calculation of the above Lagrangian can be found in [1, 2], except for the last operator,
containing the cubic coupling γγpi. Such vertex is not directly obtained from the operator m33δg
00δK.
Instead, it comes from the Einstein-Hilbert term of the action (2.1) when replacing the potentials Φ
and Ψ with pi via eq. (2.5).3
For the GW, we will use the classical background solution travelling in the zˆ direction with linear
polarization +, used in [2],
γij = MPlh
+
0 sin [ω(t− z)] +ij , (2.13)
where h+0 is the dimensionless strain amplitude and 
+
ij = diag(1,−1, 0). For later convenience, we
also define the parameter [2]
β ≡ 2ωMPlh
+
0
c2s|Λ2|
=
2
√
2|αB|
αc2s
ω
H
h+0 . (2.14)
3 Classical solutions and stability of perturbations
In any non-linear theory one can investigate the stability of a given solution by looking at the kinetic
term of small perturbations around it. This was done for the cubic Galileon (equivalent to the
decoupling limit of the Dvali-Gabadadze-Porrati (DGP) model) in [20], in the absence of GWs. It was
proven that solutions that are stable at spatial infinity are stable everywhere, provided the sources
are non-relativistic. The analysis was later extended to higher Galileons in [24], where such strong
statement does not hold and one expects that general non-linear solutions feature instabilities. Here
we want to extend the analysis of [20] including GWs4 and considering a generic speed of propagation
cs. (In order to compare with the result of [20], in the main text we stick to the non-linearity of the
cubic Galileon, i.e. m˜33 = −m33. In Appendix A we generalise the analysis to the case m˜33 6= −m33.)
For convenience we define η¯µν ≡ diag(−1, c2s, c2s, c2s) and ¯pi ≡ η¯µν∂µ∂νpi = −p¨i + c2s∂2kpi. In this
section, indices are raised and lowered with the usual Minkowski metric. Moreover, we define
Γµν ≡ γ˙µν
Λ2
. (3.1)
Using the above definitions, the action for pi, eq. (2.8), becomes
L = −1
2
η¯µν∂µpi∂νpi − 1
Λ3B
pi(∂pi)2 + Γµν∂µpi∂νpi − 1
2
Λ3BpiΓ
2
µν . (3.2)
In the following we will use that ∂µΓµν = η
µνΓµν = η¯
µνΓµν = 0. For our GW solution (2.13) we have
Γ00 = Γ0i = 0 , Γij =
βc2s
2
cos [ω(t− z)] +ij , (3.3)
where we have used the definition of β, eq. (2.14). The third term of eq. (3.2) suggests that for
β > 1 the scalar pi features a gradient instability, because Γµν changes sign in time. This conclusion,
although substantially correct, is premature, since the GW also sources a background for pi and this
affects through non-linearities the behaviour of perturbations.
3Since we know that a tensor perturbation γij couples with the metric in the same way as a scalar field does, one can
easily obtain this interaction by considering the Lagrangian of minimally coupled scalar field and replacing the scalar
field by γij .
4As discussed in [25], the DGP model is not a local theory of a scalar field and thus is not included in the ordinary
EFT of DE action. However, the structure of the non-linear terms is analogous and the arguments used in [20] can be
applied straightforwardly to the EFT of DE. On the other hand the brane-bending mode in the DGP model is not a
scalar under 4d diffs [26], so that the coupling with GWs will be different from the one discussed in this paper.
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Let us split the field in a classical background part plus fluctuations, i.e. pi = pˆi(t,x) + δpi(t,x).
In general pˆi will be sourced by the term γ˙2µν of eq. (2.8), corresponding to the last term of eq. (3.2),
and also by astrophysical matter sources. Let us first study the background solution pˆi. Its equation
of motion reads
¯pˆi − 2
Λ3B
[
(∂µ∂ν pˆi)
2 −pˆi2]− 2Γµν∂µ∂ν pˆi − Λ3B
2
Γ2µν = 0 . (3.4)
Following [20], we define the matrix
Kµν ≡ − 1
Λ3B
∂µ∂ν pˆi , (3.5)
and rewrite the above equation as
Kµν η¯µν + 2
(KµνKµν −K2)− 2ΓµνKµν + 1
2
Γ2µν = 0 . (3.6)
Due to the Galileon symmetry and the fact the equations of motion are second order, eq. (3.4) reduces
to an algebraic equation for the second derivatives of pˆi. Eq. (3.6) can be rewritten solely in terms of
K˜µν ≡ Kµν − 12Γµν , and becomes
K˜µν η¯µν + 2
(
K˜µνK˜µν − K˜2
)
= 0 . (3.7)
Indeed the combination K˜µν is the only one that transforms covariantly under spatial diffeomorphisms:
in the gauge where pi = 0 it gives the extrinsic curvature of the surfaces of equal time.
The stability of a generic solution of eq. (3.6) can be assessed by studying the quadratic Lagrangian
for the perturbations δpi. These are assumed to be of a wavelength much shorter than the typical
variation of pˆi. Expanding the action (3.2) at quadratic order in δpi, after some integrations by parts
we obtain
L(2) = Z
µν(x) ∂µδpi∂νδpi , Z
µν ≡ −1
2
η¯µν − 2
(
K˜µν − ηµνK˜
)
, (3.8)
where the indexes are raised and lowered with the Minkowski metric ηµν . In general, for time-
dependent kinetic terms like (3.8) there is no clear definition of stability. However, in the limit
that we consider here where Zµν(x) changes much slower than the fluctuations δpi, the requirement
of stability simply translates in the absence of ghost or gradient instabilities for the perturbations,
i.e. Z00 > 0 and that Z0iZ0j−ZijZ00 is a positive-definite matrix at each point [20, 27]. As explained
in [27], a theory can be stable even when Z00 < 0, provided it features superluminal excitations and
one can boost to a frame in which Z00 > 0. However, in our problem we have a privileged frame,
the cosmological one, where the Cauchy problem must be well defined. Therefore stability must be
manifest in this specific frame.
The matrix Zµν is characterized by the classical non-linear solution of eq. (3.6). To better see the
connection between stability and background evolution, it is useful to invert the second relation in
(3.8) and express K˜µν . We obtain
K˜µν = −1
2
(
Zµν − 1
3
Zηµν
)
− 1
4
η¯µν +
1
12
(1 + 3c2s)ηµν . (3.9)
Using this expression to replace K˜µν , the equation for the background, eq. (3.7), becomes an equation
containing only quadratic terms in Zµν , i.e.,
1
3
Z2 − (Zµν)2 = 3c
2
s − 1
6
. (3.10)
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Remarkably, the terms containing Γµν have cancelled out: we obtain the same equation as the one
derived in [20] without GWs, although here we have neglected the presence of matter sources, and we
have considered a generic c2s. This is to be expected since γ˙µν can be set to zero locally by a proper
change of coordinates; thus, its value cannot affect eq. (3.10). On the other hand, the solution for pˆi
requires a global knowledge of the GWs. We can now use this equation to discuss the stability of the
solution.
3.1 Stability in the absence of GWs
To warm up, we will first review the argument for the case Γµν = 0 and c
2
s = 1, analogous to the DGP
case discussed in [20]. A configuration that turns off at spatial infinity, i.e. for which Kµν = 0 and
Zµν = −ηµν/2, is stable in this limit. One can show that such a solution cannot become unstable at
any other point x. The proof is made by further assuming that the matrix Zµν(x) is diagonalizable
by means of a Lorentz boost, in such a way that it can be taken to the form Zµν = diag(z0, z1, z2, z3).
Using this form, eq. (3.10) reduces, for cs = 1, to
− 2
3
[
(z20 + . . .+ z
2
3)− (z0z1 + z0z2 + . . .+ z2z3)
]
=
1
3
. (3.11)
In this frame, stability requires that zµ < 0, for all µ = {0, 1, 2, 3}. Marginally stable solutions, on
the other hand, lie on the hyper-planes defined by zµ = 0, for some µ. A stable solution can become
unstable if and only if the solution crosses one of these critical hyper-planes at some intermediate
point in the evolution. For this to happen, these critical hyper-planes should intersect the space of
solutions. Without loss of generality we can consider the plane z0 = 0, zi 6= 0 in (3.11), that now
reduces to
− 1
3
[
(z1 − z2)2 + (z1 − z3)2 + (z2 − z3)2
]
=
1
3
. (3.12)
This equation does not admit any solution because the two sides have different signs: a stable solution
at infinity remains stable everywhere. Notice that the right-hand side of the equation above is replaced
by (3c2s−1)/6 for a general cs, see eq. (3.10). Therefore the stability of the system, even in the absence
of GWs, is not guaranteed for cs < 1/
√
3.
In the next two sections we are going to explicitly show the presence of instabilities around a GW
background, respectively for cs < 1 and cs = 1. For cs > 1/
√
3, this is somewhat surprising, since
eq. (3.10) is qualitatively the same as in the absence of GWs. The catch is that the matrix Zµν will
not be diagonalizable. Indeed, diagonalizability can be proven in the case of non-relativistic sources,
but it does not hold for a GW background, which is clearly relativistic.
3.2 The effect of GWs, cs < 1
To study the case cs < 1 we start from eq. (3.4). For large GW amplitudes (β > 1), the γpipi interaction
leads to a wrong sign of the spatial kinetic term for δpi. However, to confirm this assessment we need
to take into account the effect of the tadpole γγpi and of the self-interactions of pi. The tadpole will
generate a background for pˆi that, in turn, modifies the action for fluctuations through eq. (3.8).
First, it is convenient to introduce the null coordinates [2], see Fig. 1,
u ≡ t− z , v ≡ t+ z , (3.13)
which implies ∂t = ∂u + ∂v and ∂z = ∂v − ∂u. Moreover, the following relations will be useful below,
∂2t = ∂
2
u + ∂
2
v + 2∂u∂v , ∂
2
z = ∂
2
u + ∂
2
v − 2∂u∂v , ∂t∂z = ∂2v − ∂2u . (3.14)
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Figure 1: The GW background we consider is a wavepacket γij(u). In the case cs < 1 the produced pˆi is not
sensitive to the source of GWs, so that it does not depend on v: pˆi(u).
In the presence of a background for the GW, of the form γij(u), we can solve the equation (3.4) for pˆi.
In this case, since cs < 1, there is no intersection between the region where the source is active and
the past light-cone of pi is finite (see [2]). Therefore we have translational invariance along v (at least
as long as we are considering points far away from the emission of γ). For this reason we will look
for solutions of the form pˆi(u). Notice that the non-linear interaction arising from the cubic Galileon
vanishes when pi depends solely on the variable u. Indeed, eq. (3.14) implies
∂2t pˆi = ∂
2
upˆi , ∂
2
z pˆi = ∂
2
upˆi , ∂t∂zpˆi = −∂2upˆi , (3.15)
and thus that
¯pˆi = −(1− c2s)∂2upˆi , (∂µ∂ν pˆi)2 −pˆi2 = 0 . (3.16)
Therefore, defining
ϕ ≡ pˆi
Λ3B
, (3.17)
where Λ3B is defined in eq. (2.11), eq. (3.4) gives
ϕ′′(u) = − Γ
2
µν
2(1− c2s)
= − β
2c4s
4(1− c2s)
cos2 (ωu) , (3.18)
where we used eq. (3.3). The solution implies that ϕ′′(u) ≤ 0. Note that, as one expects, the limit
cs → 1 is singular: the past light-cone of pi becomes sensitive to the details of the emission of the GW.
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We can now use this solution to compute the kinetic matrix for the pi fluctuations, eq. (3.8). Its
nonvanishing elements are given by
Z00 =
1
2
+ 2ϕ′′(u) =
1
2
[
1− β
2c4s
1− c2s
cos2(ωu)
]
,
Z11 = −1
2
c2s + Γ
11 = −c
2
s
2
[1− β cos(ωu)] ,
Z22 = −1
2
c2s + Γ
22 = −c
2
s
2
[1 + β cos(ωu)] , (3.19)
Z33 = −1
2
c2s + 2ϕ
′′(u) = −c
2
s
2
[
1 +
β2c2s
1− c2s
cos2(ωu)
]
,
Z03 = Z30 = 2ϕ′′(u) = − β
2c4s
2(1− c2s)
cos2(ωu) .
The background pˆi does not affect the entries Z11 and Z22 (it contributes only through pˆi which
vanishes since pˆi = pˆi(u)): they feature a gradient instability for β > 1. On the other hand, one can
easily verify that the condition (Z03)2 − Z00Z33 > 0 is satisfied, i.e. the gradient instability does not
appear in this direction. One has a ghost instability, Z00 < 0, for
β2c4s
1− c2s
> 1 . (3.20)
These results seem to contradict what we discussed in the previous section, where we stated
that the stability is guaranteed provided c2s > 1/3. However in order to prove stability one has to
assume that the matrix Zµν is diagonalizable via a boost at each point. This is possible only when
|Z03| < 12 |Z00 + Z33| [27]. In our case this condition gives
β2c4s
1− c2s
<
1− c2s
4
. (3.21)
Comparing this inequality with eq. (3.20), one sees that the Zµν is not diagonalizable when there is a
ghost instability, so there is no contradiction with the result of Sec. 3.1. The inequality (3.21) can be
written as
c2s <
1
1 + 2β
. (3.22)
In the presence of a gradient instability, β > 1, the right-hand side is smaller than 1/3. Therefore
the matrix Zµν can be diagonalized only if c2s < 1/3. Again there is no contradiction with what we
discussed above since for c2s < 1/3 there is no guarantee of stability.
3.3 The effect of GWs, cs = 1
Let us now turn to cs = 1. This case is qualitatively different since the light-cone of pi is as wide as
the one of the GWs, see Fig. 1, so that we should not expect the same kind of instabilities. As before,
we take a GW of the form γij(u), but now one cannot assume that pˆi only depends on u; in general it
will also depend on v and it will be sensitive to the source of GWs. However, for simplicity, we stick
to the equations in the absence of sources.
To find pˆi we write (3.4) in terms of the null coordinates u and v and using eq. (3.14) we find
pˆi = −4∂u∂vpˆi , (3.23)
(∂µ∂ν pˆi)
2 = (∂2t pˆi)
2 − 2(∂t∂zpˆi)2 + (∂2z pˆi)2 = 8
[
∂2upˆi∂
2
v pˆi + (∂u∂vpˆi)
2
]
. (3.24)
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Equation (3.4), written in terms of ϕ = pˆiΛ−3B , becomes
∂u∂vϕ+ 4
[
∂2uϕ∂
2
vϕ− (∂u∂vϕ)2
]
= −Γ
2
µν
8
. (3.25)
(Notice that the coupling γpipi does not contribute.)
It is not clear how to determine the most general solution of the above non-linear equation. How-
ever, two solutions can be easily obtained by considering ϕ(u, v) = U(u)V (v). Then, one can make
the LHS of (3.25) independent of v by taking V (v) = v. In this case, the equation takes a very simple
form in terms of U(u),
U ′(u)2 − 1
4
U ′(u)− Γ
2
µν
32
= 0 , (3.26)
with solutions
U ′±(u) =
1
8
(
1±
√
1 + 2Γ2µν
)
, (3.27)
where the solution that recovers the linear one at small couplings is U ′−(u). (The conclusions about
stability are not altered by considering the other branch.)
We can now check whether the solution (3.27) is stable or not. The kinetic matrix eq. (3.8) is
given by
Z00 =
1
2
+ 2
[
vU ′′(u)− 2U ′(u)] ,
Z11 = −1
2
+ Γ11 + 8U ′(u) ,
Z22 = −1
2
+ Γ22 + 8U ′(u) , (3.28)
Z33 = −1
2
+ 2
[
vU ′′(u) + 2U ′(u)
]
,
Z03 = Z30 = 2vU ′′(u) .
First, we focus on possible gradient instabilities. One can easily check, using (3.27), that the compo-
nents Z11 and Z22 are negative, so there is no gradient instability in these directions. The matrix is
non-diagonal in the block t-z and stability requires (Z03)2 − Z00Z33 > 0. In our case
(Z03)2 − Z00Z33 =
(
1
2
− 4U ′(u)
)2
≥ 0 ; (3.29)
the matrix Zµν is thus free from gradient instabilities.
Let us turn now to ghost instabilities. As already pointed out at the beginning of Sec. 3, ghosts are
present whenever Z00 becomes negative. From eq. (3.28) we see that this is possible: the term linear
in v can be negative and larger than the other positive contributions. To see this more explicitly, we
can replace U(u) in Z00 with the solution (3.27). We get
Z00 =
1 + 2Γ2µν − vΓµν∂uΓµν
2(1 + 2Γ2µν)
1/2
' 1− Γ
2
µνωv
2(1 + 2Γ2µν)
1/2
, (3.30)
where in the last equality we used that ωv  1 and we approximated ∂uΓµν = ωΓµν tan(ωu) ' ωΓµν
(valid for a plane wave). Using Γ2µν ' β2/2, the condition to avoid a ghost becomes
β2 . 2
ωv
. (3.31)
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Since after a few oscillations ωv  1, we conclude that also for cs = 1 the system becomes unstable.
Notice that also in this case the matrix Zµν is not diagonalizable (the condition |Z03| < 12 |Z00 +Z33|
is not satisfied by eq. (3.28), but the two sides are actually equal) so that there is no contradiction
with the result of section 3.1.
Even if the solution we studied is not unique and does not take into account the effect on pˆi of
sources, we conclude that the system is generically unstable and avoids the stability argument of [20],
because the GW background is relativistic and gives a non-diagonalizable Zµν (5).
3.4 Vainshtein effect on the instability
So far we assumed that GWs are the only source of pˆi. However, astrophysical objects also source pˆi and
a corresponding matrix Zµν . As discussed above, in the presence of non-relativistic sources this matrix
is healthy and it gives rise to the so-called Vainshtein effect: a large Zµν gives a more weakly coupled
theory, in which the effect of pi is suppressed. The Vainshtein effect will also suppress the instability
we are studying: the astrophysical background makes the kinetic term large and healthy, while the
dangerous vertex γpipi is not enhanced (one does not have a term ∂2pˆi γ˙∂pi∂pi, since it would have
too many derivatives). Therefore, in regions with large Zµν the parameter β is effectively suppressed
and the instabilities can thus be stopped. However, the condition of large Zµν cannot be maintained
over cosmological scales. Both analytical arguments [21] and simulations [29] indicate that Vainshtein
screening is negligible over sufficiently large scales, say larger than 1 Mpc. This means that averaged
over these large scales the effect of astrophysical sources is negligible6. Since the GWs we observe
travel over cosmological distances, one expects that on average the effect of Vainshtein screening is
small and that over most of their travel the gradient instability is active. We will come back to this
point below, in Sec. 5.
4 Fate of the instability
In order to understand the implications of the instability we discussed, one would like to know the
fate of it. In this Section we want to argue that the dynamics of the instability and its endpoint are
UV sensitive and cannot be studied without knowing the UV theory. First of all, notice that it is not
possible to follow the development of the instability looking at what happens at the matrix Zµν in the
presence of the growing perturbations. Since the most unstable modes are the shortest, the instability
generates a configuration of pˆi with very large gradients and the analysis of the previous sections is
only useful to understand the behaviour of modes with wavelength much shorter than the variation
of the background.
Since we do not know of any UV completion of the theories we are discussing, to gain some
intuition on the possible outcome of the instability we now discuss a toy model that features gradient
and ghost-like instabilities, and whose UV completion is known. Consider a U(1)-symmetric theory
5Even in the absence of GWs, perturbations around a plane wave pˆi(u), with cs = 1, are unstable [28], as it is easy to
check. This suggests that the instability is generic in a relativistic setting.
6Since astrophysical sources are with good approximation non-relativistic, the entries Z0i of the matrix Zµν are
negligible (see discussion at the beginning of Sec. 3). In order to stabilize the gradient instability one should have
that all the eigenvalues of the spatial part of the matrix Zij are large, much larger than the standard kinetic term,
i.e. parametrically larger than unity (in absolute value). This means that also the trace should be parametrically larger
than unity. To avoid the instability these conditions should be maintained over all the trajectory of the GW, i.e. over
cosmological distances. This however cannot happen. If the trace were large over large regions, it would imply that
the trace of the average of Zµν over a large region is sizeable. This is in contradiction with the statement that linear
perturbation theory is recovered over sufficiently large scales.
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for a complex scalar h, with a quartic mexican-hat potential, in the absence of gravity7:
LUV = −|∂h|2 − V (|h|) , V (|h|) = λ
(|h|2 − v2)2 . (4.1)
In the broken phase with 〈h〉 = v we have a massless degree of freedom (the Goldstone boson), and
a heavy one (the ‘Higgs’). It makes sense to integrate out the latter and write down a low-energy
effective theory for the former.
For small λ, one can integrate out the Higgs at tree level. Let us define h = h0 exp (iφ). If we are
interested in terms with the minimum number of derivatives acting on φ, one can solve the classical
equation of motion for a constant h0 in a constant X field, X ≡ (∂φ)2, and plug the result back into
the action. One gets
h20 = −
1
2λ
X + v2 =
1
4λ
(µ2 − 2X) , (4.2)
where µ2 ≡ 4λv2 is the mass of the radial direction. Plugging this back into the action, one gets the
Lagrangian
P (X) ' − 1
4λ
X
(
µ2 −X) . (4.3)
Remarkably, the tree-level effective action stops at quadratic order in X, that is at fourth order in φ.
The function P (X) will receive corrections suppressed by λ at loop level. Notice that the validity of
this action is not limited to small X, provided derivatives of X are small: operators with derivatives
acting on X are suppressed by powers of ∂/µ.
Consider a background φˆ with ∂µφˆ ≡ Cµ and small perturbations about it, φˆ + δφ. The matrix
Zµν , see eq. (3.8), is given by
Zµν = 2Pˆ ′′CµCν + Pˆ ′ηµν . (4.4)
If Cµ is time-like, that is if Xˆ < 0, we can choose a frame such that C0 = ±
√
−Xˆ, ~C = 0. In this
frame we have
L2 = −
(
2Pˆ ′′Xˆ + Pˆ ′
)
δφ˙2 + Pˆ ′(∇δφ)2 , Xˆ < 0 . (4.5)
For stability we thus want
2Pˆ ′′Xˆ + Pˆ ′ < 0 , Pˆ ′ < 0 . (4.6)
If instead Cµ is space-like, Xˆ > 0, we can go to a frame where C0 = 0, |~C| =
√
Xˆ, where we get
L2 = −Pˆ ′δφ˙2 + Pˆ ′(∇⊥δφ)2 +
(
2Pˆ ′′Xˆ + Pˆ ′
)
(∇‖δφ)2 , Xˆ > 0 . (4.7)
The parallel and normal directions are of course relative to ~C. We thus see that in this case too the
conditions for stability are those given in eq. (4.6).
For the case we are studying, eq. (4.3), one has
2Pˆ ′′Xˆ + Pˆ ′ =
1
4λ
(6Xˆ − µ2) , Pˆ ′ = 1
4λ
(2Xˆ − µ2) . (4.8)
The system is stable for
Xˆ <
1
6
µ2 . (4.9)
It is interesting that for such values of Xˆ, the propagation speed is always subluminal—a non-trivial
check about the consistency of the effective theory. In the range
1
6
µ2 < Xˆ <
1
2
µ2 , (4.10)
7This analysis is based on unpublished work with A. Nicolis. See also [30].
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the (∇‖δφ)2 in eq. (4.7) has the wrong sign, thus signaling a tachyon-like instability which, unlike
a real tachyon instability, is dominated by the UV. That is, we have exponentially growing modes
∼ ek‖t. The shorter the wavelength, the faster the growing rate. Finally, for
Xˆ >
1
2
µ2 (4.11)
all terms in eq. (4.7) have wrong signs. This in the low-energy effective theory looks like a ghost-like
instability.
It is interesting to understand these pathologies in terms of the UV theory (4.1). There, the kinetic
energy is positive definite. There is no room for ghost-instabilities, and the only instabilities present in
certain regions of field space are real tachyons, with a decay rate of order µ. Let us therefore consider
small fluctuations of the radial mode h0 and of φ in the UV theory, about a background configuration
with constant Xˆ and hˆ0, related by eq. (4.2),
h0 → hˆ0 + δh , φ→ φˆ+ δφ . (4.12)
Expanding the Lagrangian (4.1) at quadratic order we get
LUV → ˙δh2 + δ ˙˜φ2 −
( δh
δφ˜
)
·
( −∇2 + (−2Xˆ + µ2) 2√Xˆ∇‖
−2
√
Xˆ∇‖ −∇2
)
·
( δh
δφ˜
)
, (4.13)
where we canonically normalized the angular fluctuations by defining δφ˜ = hˆ0 δφ, and we specialized
to the positive-Xˆ case (spacelike Cµ), given that this is the region where the pathologies discussed
above show up.
First, notice that for Xˆ = 12µ
2 the mass term for the radial fluctuation δh goes to zero. This
means that at this particular point in field space we cannot get a local low-energy effective theory
for the φ˜ by integrating δh out. Also, at the same point the radial background hˆ0 goes to zero—see
eq. (4.2)—and it remains zero for even larger values of Xˆ. We thus see that the ghost instability we
encounter in the low-energy theory for the angular mode starting from Xˆ = 12µ
2, is a sign that at
those values of Xˆ the low-energy theory just makes no sense—the derivative expansion breaks down
at zero energy.
Then, we see from the structure of eq. (4.13) that the background configuration is stable if and
only if the gradient/mass matrix has positive eigenvalues. For plane-waves with momentum ~k parallel
to ~C = ~∇φˆ, the determinant of such matrix is
k2‖
[
k2‖ + (µ
2 − 6Xˆ)] . (4.14)
We thus see that for Xˆ > 16µ
2, the gradient/mass matrix develops a negative eigenvalue in a finite
range of momenta, 0 < k2‖ < (6Xˆ − µ2). This signals an instability with a rate of order µ. Indeed
from the low-energy viewpoint the instability was UV-dominated, and we see that in the UV theory
it is saturated at k‖ ∼ µ. At higher energies the UV theory makes perfect sense.
What can we learn from this example about the instability induced by GWs?
• Instabilities can arise from a perfectly sensible theory when one goes in a certain region of field
space and from the EFT perspective one can only conclude that the instability exists in the
regime of validity of the EFT itself: the theory may be completely healthy in the UV.
• The example we discussed has a well-defined Hamiltonian bounded from below, hence at most
the instability can convert this finite amount of energy into the unstable modes. Therefore one
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can only conclude that an energy of order Λ4UV, with ΛUV the cut-off of the theory, is damped
into the unstable modes; all further developments depend on the UV completion. Since in our
case Λ4UV is parametrically smaller than the energy density of the GWs (which accidentally is
of order Λ42 for the typical amplitudes and frequencies detected by LIGO-Virgo) one cannot
conclude that the GW signal will be affected.
• The appearance of the instability may signal that the EFT breaks down. This happens in
the example above in the case of the ghost instability: the range of applicability of the EFT
shrinks to zero. The regime of validity of the EFT is not only determined by the requirement that
frequencies are sufficiently small, but it can be modified in the presence of a sizeable background.
Therefore it may be that the instability we studied is simply telling us that the EFT of DE breaks
down. This means that we are unable to describe the propagation of GWs unless we know the
UV completion of the theory.
Notice that both in the case in which the instability can be described within the EFT and in the
case in which the EFT breaks down at the instability, in order to continue the time evolution of the
system one needs the UV completion.
5 Phenomenological consequences
Let us explore the phenomenological consequences of the instability we studied. First of all, as it is
clear from the toy model we described in the previous section, without a UV completion one cannot
conclude that a sizeable amount of energy goes into pi. The instability may be saturated at the cut-off
scale Λ3 or even at a lower scale. This means that it is not guaranteed that the instability leads to
a backreaction on the GW signal that can be seen at the interferometers8. In the following, we will
concentrate on the question of whether a generic point in the Universe is affected by the instability.
For this we do not need to focus on the particular events observed by LIGO-Virgo (or eventually LISA
and pulsar timing array, see e.g. [31]) but one has to consider the effect of all GW emissions.
Let us neglect momentarily the Vainshtein effect. The Universe is populated by binary systems
and these trigger the instability in points that are close enough to the source to have β > 1. Let us
divide the Universe in spheres of 10 Mpc radius and ask whether the instability is triggered in these
regions. Since in first approximation the Universe is homogeneous on scales of 10 Mpc, one expects
that all regions behave approximately in the same way. If within a region and in a time comparable
to the age of the Universe, there is at least one binary event that gives β > 1 at a distance of 10 Mpc,
one can conclude that this event will trigger the instability over the whole sphere (and thus in the
whole Universe). In the following we are also going to explore regions of 1 Mpc. In this case, since
the Universe is inhomogeneous on this scale, using the same criteria as before one can only conclude
that sufficiently dense regions reached the instability. Indeed the events will be mostly localized in
overdensities and may not be able to trigger the instability in underdense regions.
The parameters needed to characterize the instabilities discussed in Sec. 3.2 are the amplitude h+0
and the frequency f . Long before the merger, the amplitude h+0 can be written as (see for example
[32])
h+0 ∼
1√
2
· 4
r
(GMc)
5/3(pif)2/3 , (5.1)
8In fact, using eq. (4.5) of [2] one can straightforwardly show that ∆γ/γ¯ ∼ Λ43/(Λ42h+0 ) 1, where γ¯ and ∆γ denote
the GW background and its modification respectively.
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Figure 2: Stability regions on the plane (cs, αB). The yellow region indicates where ghost instabilities of eq.
(3.20) are absent in which β < c−2s
√
1− c2s. The green region indicates where gradient instabilities are absent,
i.e. β < 1. The fact that this curve is independent of cs follows from the choice α = 1/(2c
2
s), see eqs. (2.10) and
(2.14). In the region with the blue diagonal grid, the frequency of the GW is above the perturbative unitarity
bound, ω > ΛUV (see footnote 10), and our analysis cannot be applied. In the plot we have used Mc = 28M
and f = 30 Hz.
where r is the distance from the binary, Mc is the chirp mass and f the GW frequency. (The factor
of 1/
√
2 comes from our non-standard definition of h+0 .) This is a reasonable approximation until the
orbit reaches the innermost stable circular orbit (ISCO)9.
Figure 2 focusses on stellar mass BHs; for concreteness we chose Mc = 28M as for GW150914
and f = 30 Hz. We take the distance to be 1 Mpc. Taking a distance of 10 Mpc would require, in order
to keep the same h+0 , to consider times closer to the coalescence. However this corresponds to larger
frequencies and one goes in a regime that cannot be trusted, since the frequency is higher than the
unitarity cut-off.10 In Fig. 2 we plot the gradient and ghost instabilities in the plane (cs, αB) together
with the unitarity cut-off. Models with αB & 10−2 are affected by one or both instabilities, but the
cut-off is quite close.
On the other hand, if one considers massive BHs, frequencies are many orders of magnitude smaller
than the unitarity cut-off. In Fig. 3 we plot the threshold β = 1 as a function of the chirp mass of the
binary for 1 Mpc and 10 Mpc distances. Independently of the chirp mass, the instability is triggered
close to the ISCO for values of αB that are of interest for future LSS experiments, i.e. αB & 10−2.
9In a Schwarzschild geometry the ISCO is located ar rISCO = 6Gm, where m is the total mass of the binary. Assuming
equal masses and using Kepler’s law to convert into frequency, we find fISCO ' 0.034/(piGMc).
10The cut-off can be obtained as the energy scale at which perturbative unitarity is lost. In order to explicitly get such
scale for m33 we focus on the leading term in (2.8): the dominant interaction in the small-cs limit is ∼ −∇2pi(∂ipi)2/Λ3B.
Following [33, 34] we find that for such interaction perturbative unitarity in the pipi → pipi scattering is lost when
ω6
Λ6Bc
11
s
<
3pi
4
, (5.2)
where here ω is the energy of pi.
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Figure 3: Gradient-instability lines, β = 1, for different value of αB as a function of the chirp mass of the binary
system, evaluated at a distance of 1 Mpc (solid lines) and 10 Mpc (dashed lines). The grey region cannot be
trusted because it would correspond to extrapolating the orbit beyond the ISCO. Regions above the black lines
have frequencies larger than the unitarity cut-off ω > ΛUV (the three lines correspond to different values of cs).
At fixed β = 1, we expressed the cut-off frequency as a function of Mc using (5.1). All lines are evaluated with
the choice α = 1/(2c2s).
Although there is some degree of uncertainty on the rate of massive BH mergers, one can be quite
sure that in a region of 10 Mpc many mergers of halos, and therefore binary mergers of massive BHs,
took place in the last Hubble time. To be more quantitative, in the range 107M < Mc < 108M one
estimates between 5 and 50 events in a volume of 10 Mpc radius between z = 1 and z = 0 [35]. Rates
are larger, but considerably more uncertain, for smaller masses [36].
Let us now discuss the role of screening. As we discussed above, in regions with large field
non-linearities the threshold of instability can be lifted by the Vainshtein mechanism. If the typical
radius at which the screening is effective is of order 10 Mpc or smaller, then our conclusions do not
qualitatively change. There may be very non-linear regions where the instability did not occur, but
in most of the Universe the instability takes place. Following [21], one can estimate the scale at which
the Vainshtein mechanism is relevant assuming a power-law Universe with matter power spectrum
P (k) ∝ kn, where the relevant value near the non-linear scale for the real Universe is n ' −2. In
our case one finds λV ∼ [αB/(c2sα)]
4
3+nλNL, which shows that for small αB the Vainshtein scale λV is
in general much shorter than 10 Mpc, which roughly corresponds to the non-linear scale for structure
formation λNL (see also [29] for an estimate of the Vainshtein scale in numerical N -body simulations,
confirming these estimates).
What can we conclude if a model lies in the unstable region? As we discussed, the endpoint of
the instability is unknown and requires knowledge of the UV. Naively one can imagine that a certain
amount of pis with energy close to the cut-off is generated until their backreaction stops the instability.
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It looks difficult to argue that the theory around this new state will resemble the original one and
give similar predictions: the pis produced by the instability must qualitatively change the theory to
make it stable, so that one expects that also the other predictions of the theory will be affected. One
cannot make any firm prediction without understanding the fate of the instability and this requires a
UV completion.
Another possibility is that the EFT breaks down at the instability so that the instability cannot be
trusted. Notice however that the frequencies involved may be as low as 1010 km. In this case one has
to declare the impossibility to say anything about any process that has to do with GWs. Moreover
all the successes of GR on shorter scales cannot be explained. Analyticity arguments can be used to
argue that a theory with an approximate Galilean symmetry must break down at a very large scale, of
order 107 km in the range of parameters we are discussing [37]. Although it is not straightforward to
apply these arguments in a cosmological context, where Lorentz invariance is spontaneously broken,
it is an independent indication that the theories at hand must break down at extremely large scales.
6 Beyond Horndeski: m˜24-operator
The analysis of the previous sections focused on the stability of cubic Horndeski theories. Here we
want to consider another quadratic operator of the EFT of DE that survives after GW170817 [38].
The operator
Sm˜4 =
∫
d4x
√−g m˜
2
4(t)
2
δg00
(
(3)R+ δKνµδK
µ
ν − δK2
)
, (6.1)
where (3)R denotes the 3d Ricci scalar of the hypersurfaces at constant t, is not constrained by the
requirement that GWs travel at the speed of light [38]. However, it is highly constrained by the
perturbative and resonant decay γ → pipi, studied in [1, 2]. The perturbative bound is of the order
|αH| . 10−10 , αH ≡ 2 m˜
2
4
M2Pl
. (6.2)
The Lagrangian of pi in the presence of all the relevant non-linearities schematically reads [1] (we
follow the notation of [2])
Lpi = −1
2
η¯µν∂µpi∂νpi +
1
Λ3?
γ¨ij∂ipi∂jpi − (∂pi)
2
Λ3?
∂2pi +
(∂pi)2
Λ6c
[(pi)2 − (∂µ∂νpi)2]− αH
2
√
αHMPl
p˙iγ˙2ij ,
(6.3)
where Λ? ' α−1/3H α1/3Λ3 and Λc ' α−1/6H α1/3Λ3. The second term gives an instability similar to the
one discussed above and we can define, following [2],
β ≡ 2ω
2MPlh
+
0
c2s|Λ3?|
=
√
2|αH|
αc2s
( ω
H
)2
h+0 . (6.4)
It turns out that the analysis for this case is simpler, since to assess the stability of the system it
is enough to look at the γpipi interaction, while all additional non-linearities are negligible: the system
is unstable for β > 1. We are going to verify this statement below. In Fig. 4 we plot the instability
region as a function of the chirp mass and frequency. Notice that in this case the unitarity cut-off of
the theory does not appear in the figure, since it is much higher that the frequencies of interest. The
absence of instability is a constraint much tighter than the perturbative bound of eq. (6.2). On the
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Figure 4: Gradient-instability lines β = 1 for different value of αH as a function of the chirp mass of the binary
system. The grey region cannot be trusted because it would correspond to extrapolating the orbit beyond the
ISCO.
other hand, the narrow-resonance regime gives even better constraints for αH, of the order of β . 10−2
(see Fig. 5 of [2]).
Let us now verify that the other non-linear terms in the Lagrangian of eq. (6.3) can be neglected.
(For simplicity in the following we take α ∼ 1 and cs ∼ 1.) First of all, let us estimate the size of the
induced background pˆi sourced by γγpi. Neglecting pi non-linearities and using the Lagrangian (6.3),
one can estimate
pˆi ∼ MPlαHω(h
+
0 )
2
H
. (6.5)
In order for this estimate to be correct we must check that the cubic and quartic self-interactions of
(6.3) are negligible. At the level of the equations of motion, the contributions of the cubic and quartic
terms are schematically given by E(3) ∼ (∂2pˆi)2 Λ−3? and E(4) ∼ (∂2pˆi)3 Λ−6c . These have to be compared
with E(2) ∼ ∂2pˆi. Using eq. (6.5) we have
E(3)
E(2)
∼ α2H
( ω
H
)3
(h+0 )
2 ∼ β2H
ω
,
E(4)
E(2)
∼ α3H
( ω
H
)6
(h+0 )
4 ∼ β3h+0 . (6.6)
For β & 1 both these ratios are very small and (6.5) is valid. (The approximation may not be correct for
β  1, but in this case one can reduce to β & 1 considering weaker—i.e. farther—GW sources.) The
background pˆi will affect the kinetic term of perturbations Zµν : we have to compare its contribution
with the one of GWs, ∂uΓµν (note that for m˜
2
4 the relevant parameter is γ¨ij rather than γ˙ij). For the
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cubic self-interaction in (6.3) one gets
∂2pˆi
γ¨
∼ αH ω
H
h+0 ∼ β
H
ω
 1 . (6.7)
For the quartic self-interaction in (6.3) one has
(∂2pˆi)2Λ3?
γ¨Λ6c
∼ α2H
( ω
H
)4
(h+0 )
3 ∼ β2h+0  1 . (6.8)
We conclude that one can trust the bound plotted in Fig. 4.
As already mentioned, the stability properties of the cubic Galileon interactions (in the absence
of GWs) do not hold for the quartic and quintic Galileon [24]. This means that these theories are in
general unstable in the Vainshtein regime, even before considering GWs. However the two instabilities
are quite different: one is only present in the non-linear regime of pi, while the instability we discuss
in this paper holds outside the Vainshtein regime and extend to the whole Universe.
7 Conclusions and prospects
We have studied the effect of a large GW background on the stability of the Effective Field Theory of
Dark Energy. We have discussed two operators where this effect is relevant: m33(t)δg
00δK, associated
to the dimensionless function αB, and
1
2m˜
2
4(t)δg
00
(
(3)R+ δKνµδK
µ
ν − δK2
)
, associated to αH. We
have first focused the analysis on the former, because this operator remains unconstrained by the
perturbative decay of gravitons, since the scale suppressing the coupling γpipi is typically too high [1].
Moreover, the resonant decay is quenched by the non-linear self-couplings of pi, so that also in this
regime there are no conclusive bound on this operator from the decay of GWs [2].
The stability of perturbations for this operator is studied in Sec. 3. For cs < 1, perturbations of pi
become necessarily unstable in the presence of a GW background with
β ∼ |αB|
αc2s
ω
H0
h+0 > 1 : (7.1)
the kinetic matrix Zµν presents either ghost or gradient instabilities. These conclusions are not at
variance with the well-known theorem that ensures stability for the DGP model [20] in the absence of
GWs. In this case, for c2s > 1/3 the theorem can be extended to the m
3
3 operator, but its assumptions
break down when a GW background is present. The case cs = 1 is also discussed, assuming that the pi
background is linear in the light-cone coordinate v = t+ r. In this case we find that ghost instabilities
are generic. Our conclusions do not extend directly to the DGP model, because the coupling of the
scalar bending mode to tensor modes is different. It would be interesting to verify the stability of the
DGP model in the presence of a GW background.
The physical implication of these instabilities is unclear, since the most unstable modes are the
closest to the cut-off. Sensible conclusions can only be drawn with the knowledge of the UV completion
of the theory. We discussed this in Sec. 4 by an example unrelated to our theory: a U(1)-symmetric
theory for a complex scalar with a mexican-hat potential. In the broken phase, at low energy this
system can be described by an effective P ((∂φ)2)-theory for the angular mode φ. Even if the effective
theory presents ghost or gradient instabilities for certain values of P ′ and P ′′, the UV completion
remains perfectly healthy. The only certain conclusion is that the effective theory must qualitatively
change in order to recover stability.
In Sec. 5 we explore for which values of the dimensionless function αB the EFT becomes unstable
everywhere in the Universe, losing predictability. The bounds are shown Figs. 2 and 3 for different
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EFT of DE operator 12m˜
2
4 δg
00
(
(3)R+ δKνµδK
µ
ν − δK2
)
m33 δg
00δK
GLPV covariant Lagrangian with cT = 1:
L = P +Qφ+ fR− 4f,XX (φ;µφ;νφ;µνφ− φ;µφ;µνφ;λφ;λν)
−2Xf,Xf
2Xf,X
f +
φ˙XQ,X
2Hf
Dimensionless function αi αH αB
After conformal transformation αH + 2β1 αB − αM2 (1− β1) + β1 − β˙1H
Perturbative decay (Γγ→pipi/H0 < 1) [1] |αH| & 10−10 Irrelevant (|αB| & 1010)
Narrow resonance (β < 1, βωu > 1) [2]
3× 10−20 . |αH| . 10−17 with LIGO-Virgo
10−16 . |αH| . 10−10 with LISA
Not applicable
(large non-linearities)
Instability (β > 1, βωu > 1) |αH| & 10−20 (see Fig. 4) |αB| & 10−2 (see Fig. 3)
Table 1: Summary of the results of Refs. [1, 2] and this article (we assume cT = 1).
GW sources and roughly correspond to |αB| & 10−2. They are thus very close to the forecasted limits
on this parameter reachable with future large-scale structure observations (see e.g. [39, 40, 41, 42]).
For this reason, it would be interesting to improve our analysis considering a more refined estimate of
the abundance of massive BH binaries [35, 36]. Indeed, the limits obtained from these events are the
most interesting, as they correspond to frequencies well below the cut-off of the theory.
In Sec. 6 we discuss the instability of the operator m˜24, triggered by a GW background with
β ∼ |αH|
αc2s
(
ω
H0
)2
h+0 . (7.2)
This is easier to study because one can neglect non-linearities of pi. The bounds on αH based on
cT = 1 are shown in Fig. 4: the effective theory becomes unstable for |αH| & 10−20. These are much
smaller values than those constrained by the perturbative decay. If cT = 1 is relaxed, the combination
contrained by our analysis is (m˜24 +m
2
5c
2
T )/M
2
Pl, instead of m˜
2
4/M
2
Pl (see eq. (4.15) of [2]).
In this paper we considered the effects of αB and αH independently but we do not expect that
the combination of the two operators can provide better stability properties for pi. Indeed, the lack of
a general theorem for stability in the presence of GWs suggests that our conclusions hold in a more
general theory, where both operators are turned on. In particular we expect αH to also contribute
to the operator γ˙ij∂ipi∂jpi: it may be possible then to tune αH and αB to set the operator to zero.
However the dominant operator γ¨ij∂ipi∂jpi, which has more derivatives, would then lead to instability
since it cannot be removed by tuning other parameters.
We summarize these results and those of Refs. [1, 2] in Tab. 1, using different notations. For
simplicity, in eqs. (2.1) and (6.1) we have assumed that our starting theory has a constant effective
Planck mass and no higher-derivative operators such as those appearing in DHOST theories [13, 14].
However, our results also apply after a conformal transformation with conformal factor depending on φ
and X ≡ gµν∂µφ∂νφ: gµν → C(φ,X)gµν . In the fourth line of the table we provide the corresponding
parameters to which our analysis applies.
We conclude that for what concerns large-scale structure surveys, the surviving single-field theory
that can be trusted in its effective regime is a k-essence theory [43, 44], modulo the above conformal
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transformation. In the covariant language, its action reads
L = P (φ,X) + C(φ,X)R+
6C,X(φ,X)
2
C(φ,X)
φ;µφ;µνφ;λφ
;νλ , (7.3)
where the symbol ; stands for a covariant derivative. Note that there is no Vainshtein screening in
these theories [17]: some other mechanism (see e.g. [45] and references therein) is required to screen
the fifth force on astrophysical scales. We leave the study of this regime to future work.
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A Deviation from cubic Galileon
The discussion of Sec. 3 assumes that the relevant cubic non-linearities are of the form m˜33 = −m33
(as is the case for cubic Galileon interactions). However, one could wonder whether a different choice
of operators can make the theory stable around GW backgrounds. To address this possibility, in this
appendix we are going to study the stability properties of theories that deviate from the cubic Galileon
for the case cs < 1. For concreteness we focus on the case m˜
3
3 = −m33(1+η), with η 6= 0 parametrizing
such deviations.
The leading non-linear interactions of pi arising from this coupling are again cubic. The Lagrangian
takes then the form
L = −1
2
η¯µν∂
µpi∂νpi − 1
Λ3B
pi(∂pi)2 + η
Λ3B
p¨i(∂ipi)
2 + Γµν∂
µpi∂νpi − Λ
3
B
2
piΓµνΓ
µν . (A.1)
Notice that the terms proportional to η do not change the couplings with Γµν and ΓµνΓ
µν : the operator
(δg00)2δK yields interactions between γij and pi that only start at quartic order. Straightforwardly,
the equation of motion reads
¯pi − 2
Λ3B
[
(∂µ∂νpi)
2 −pi2
]
+
2η
Λ3B
[
(∂ip˙i)
2 − p¨i∇2pi
]
− 2 Γµν∂µ∂νpi − Λ
3
B
2
ΓµνΓ
µν = 0 . (A.2)
Following the discussion of Sec. 3.2, we have that for cs < 1 the solution is a function of u only:
ϕ = ϕ(u). In this case one can check that there are no contributions proportional to η, hence the
above equation reduces to (3.18).
At this stage we can compute the kinetic matrix Zµν for perturbations δpi. By expanding (A.1) at
quadratic order we obtain
Zµν = −1
2
η¯µν + Γµν +
2
Λ3B
[∂µ∂ν pˆi − ηµνpˆi] + ηRµν , (A.3)
where the matrix Rµν is defined as
Rµν ≡ 1
Λ3B
 ∇2pˆi −∂j ˙ˆpi
−∂i ˙ˆpi ¨ˆpi δij
 . (A.4)
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This expression for Zµν should be compared with the case η = 0 of eq. (3.8).
Using the u-dependent solution (3.18) for ϕ(u) and the change of variables of eq. (3.14), one finds
the non-vanishing components of Zµν , that are given by
Z00 =
1
2
+ (2 + η)ϕ′′(u) ,
Z11 = −1
2
c2s + Γ
11 + ηϕ′′(u) ,
Z22 = −1
2
c2s + Γ
22 + ηϕ′′(u) , (A.5)
Z33 = −1
2
c2s + (2 + η)ϕ
′′(u) ,
Z03 = Z30 = (2 + η)ϕ′′(u) .
Now we can see that with this choice of solution the contributions arising from η-term are the same in
all the entries: ηϕ′′. To avoid gradient instabilities along x, one requires η > 0 and sufficiently large.
However with this choice one clearly encounters ghosts. Hence, for any value of η the system remains
unstable.
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